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Abstract

A general 3-D multivariant model for shape memory alloy constitutive behavior is further
developed in this paper. The model is based on the habit planes and transformation directions for

variants of martensite and uses a thermodynamic and micromechanics approach to develop the
governing equations for thermomechanical response. The model accounts for the self-accom-
odating group structure exhibited during martensitic plate formation and utilizes this concept in
its calculation of the interaction energy between variants. In this paper, we expand the multi-

variant model to consider the impact of inclusion shape on model predictions. A direction
selection scheme is proposed for penny shaped inclusions and is based on the fact that several
habit plane variants tend to cluster about one of the {011} or {001} poles. We also explore in

detail the crystallographic basis of material response and the impact of speci®c crystal-
lographic changes on the macroscopic single crystal constitutive response. Di�erences
between type I and type II twinning are examined and it is shown that choice of the proper

twinning type is essential to capture experimental data. The grouping structure is examined
and several di�erent options published for a NiTi alloy are implemented and results com-
pared. Several concepts, i.e. arti®cial merging, exclusive and non-exclusive grouping, are

raised to assist exploration of NiTi grouping possibilities. The anisotropy of the single crystal
material response is illustrated and implications on higher level modeling are discussed. It is
noted that properly representing the details of the crystallographic microstructure is crucial to
obtaining accurate macroscopic stress±strain predictions. # 2000 Elsevier Science Ltd. All

rights reserved.
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1. Introduction

In a previous paper (Huang and Brinson, 1998), a multivariant micromechanics
model for shape memory alloy (SMA) response prediction was developed. While
several other micromechanics based constitutive models have been explored recently
(Patoor et al., 1994; Lexcellent et al., 1996; Lu and Weng, 1997, 1998), the multi-
variant model is unique in its representation of the grouping structure of martensite.
We recognize that martensitic variants tend to form in self-accomodated groups to
minimize the energy associated with their formation and we explicitly account for
this in calculation of the interaction energy based on groups of variants.
In the initial work on the multivariant model, however, many details of the crys-

tallographic modeling were left unexplored. In further work with the model, in parti-
cular in comparison to experimental data, we have discovered that many of these
issues must be dealt with for accurate characterization. In this paper, we will consider
the impact of several microscale characteristics on macroscale response. First, since
the original model utilized only spherical inclusions to represent the martensitic
variants, we examine the impact of plate-like inclusion shapes on the overall
response. The advantage of the spherical inclusion, in spite of its obvious draw-
backs, was the symmetry: with the choice of penny-shaped inclusions, directionality
of the inclusion must also be chosen consistently with the transformation features
for realistic modeling.
We also examine more rigorously the nature of the variant formation. We discuss

the nature of 2H, 3R and 18R martensitic variant structure and the changes required
for the grouping structure in the micromechanics model. The distinction between
type I and type II twins are summarized and it is shown to be important to use
the proper twinning type and associated parameters for accurate data character-
ization. The anisotropy of the single crystal material is highlighted and results will
be shown which suggest further change to the model to account for the modulus
anisotropy may be essential. Finally, for a B190 material, NiTi, several variant
grouping possibilities published in the literature are explored and the di�erences in
macroscopic model predictions are shown. Other issues will be raised, but left as
targets for further work, such as including correspondence variants in the model,
and how to handle the non-invariant plane products seen in recent experiments on
CuAlNi.

2. Background

In this section, basic background information on martensitic variant formation in
shape memory alloys will be highlighted with an emphasis on the essential features
of the crystallography which need to be re¯ected properly in the multivariant model.
This is not intended to be an exhaustive review of variant formation, but rather an
overview to assist in understanding the issues of concern for proper constitutive
modeling. The reader is referred to the cited references for greater detail on the
issues raised.
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2.1. Habit plane variant vs. correspondence variant

Given a ®xed oriented single crystal of the austenite, many di�erently oriented
martensite single crystals can form by cooling, each with a unique lattice corre-
spondence relative to the parent phase. These are termed ``correspondence variant''
(CV). The habit plane is the undistorted plane of interface between the austenite and
martensite phases in martensitic transformation. Many habit planes with di�erent
orientations can be observed during the A () M transformation. Near each habit
plane, the transformation strain of the martensite can be treated as an invariant
plane strain on that habit plane, and thus the martensite above the habit plane is
called a ``habit plane variant'' (HPV).
Although habit plane variants are often used for description of thermally trans-

formed martensite, in fact habit plane variants are often composed of smaller corre-
spondence variants subunits. When describing deformation behavior of martensite it is
necessary to work with correspondence variants since upon loading the ®nal crystal-
lographic structure is a single crystal of the CV most favorably oriented to the applied
load (Saburi and Nenno, 1981). Di�erent long-period stacking order structures for
martensites, for example 2H, 3R, 9R and 18R, have di�erent relationships between
the correspondence variant and habit plane variant (Saburi and Nenno, 1981).
Among all shape memory alloys in which thermoelastic martensitic transforma-

tion occur, the parent phases have ordered BCC (B2 type or D03 type) structures
(Funakubo, 1987). The martensitic transformation in these alloys occurs by defor-
mation of the {110} planes into planes with hexagonal or rhombohedral symmetry
and arrangement into long-period stacking order martensitic phase. The notations
such as 2H, 18R etc. are Ramsdel notation (Funakubo, 1987; Otsuka et al., 1993)
where the numbers here represent the number of the basal plane layers (planes dis-
torted from parent {110} type plane) in one period. A period is one that contains
least number of layers necessary to form an orthorhombic unit cell of the martensitic
phase. R represents rhombohedral symmetry and H represents hexagonal symmetry
in the direction vertical to the basal plane when ordering of atoms is disregarded.
Some intricacies and inconsistencies in martensite notation are discussed in the
literature (Otsuka et al., 1993). Note that B2, D03, and B190 are Strukturbericht
(Barrett and Massalski, 1980) notation and prime indicates martensite phase.
In martensite with an 18R (or 9R) structure (for example, CuZnAl and CuZnGa

SMAs), there are 12 correspondence variants. By calculating using phenomenological
crystallographic theories (Wechsler et al., 1953; Bowles and Machenzie, 1954; Saburi
et al., 1976), each of them leads to two crystallographically equivalent habit plane
variants with stacking faults acting as the invariant plane shear. Thus there are 24
habit plane variants in 18R (or 9R) martensite. Note that a habit plane variant in
the 18R (or 9R) martensite is not only a single crystal but also a correspondence
variant. The crystallographic relation between the four habit plane variants in the
�011�� plate group for 18R (or 9R) structure is shown in Fig. 1.
In martensite with an orthorhombic 2H structure (for example 
 01 CuAlNi and


 002Au±Cd), there are six correspondence variants. A habit plane variant in this case is
composed of two di�erent correspondence variants which are in a twin relation. The
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six correspondence variants can be divided into three groups according to the condi-
tion that the two correspondence variants in a same group have a common contrac-
tion direction during the Bain distortion. Since one speci®c CV can only form twins
with CVs not in the same group, there are 12 possible pairs of CVs which could form
twins. In addition, each CV of the pair can assume a large or small relative volume
fraction with respect to the other in the pair, which again leads to 24 HPVs. The
geometry of the �011�� plate group for orthorhombic 2H martensite is shown in Fig.
2. Note that each habit plane variant here is neither a single correspondence variant
nor a single crystal (due to the di�erent lattice orientations of the two CVs).
In martensite with a 3R structure (for example Ni±Al), there are three correspon-

dence variants. A habit plane variant in this case is again composed of two di�erent
correspondence variants which are in a twin relation. In this case, each CV can form
twins with other CVs, and thus there are three possible pairs. Each pair can form twins
with respect to two di�erent twinning planes and two cystallographically equivalent
solutions for the HP are possible for a speci®c pair and a speci®c twinning plane.
This leads to 12 possibilities for HPs. As in the case of 2H, the two CVs in the pair
also have a major and minor component which ®nally brings us 24 HPVs again. The
geometry of the �011�� plate group for 3Rmartensite is shown in Fig. 3. Note again that
each habit plane variant here is neither a correspondence variant nor a single crystal.
It is worth noting that there are always 24 HPVs in the martensitic transformation

regardless the type of long-period stacking order structure: this result occurs because
given three di�erent numbers for the components of the habit plane normal, there
are always 24 crystallographically equivalent HPNs. How to make these HP appear,

Fig. 1. Crystallographic relations between the four martensitic habit plane variants in the �011���1 plate
group for 18R (9R) martensite (after Saburi and Wayman, 1979).
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either by having stacking faults in a CV (in 9R or18R) or by forming twins among two
CVs (2H or 3R) is a separate issue. The above description of martensitic grouping
pertains to thermally induced martensite. As mentioned before, the deformation
product eventually attained under loading is a single crystal of the correspondence
variant which is most favorably oriented with respect to the applied stress and the
recoverable deformation in the shape memory e�ect occurs by reorientation of these
minimum subunits characterized by the lattice correspondence. Therefore, the
micromechanical models simply using 24 habit plane variants may not be appropriate
in some cases.
The multivariant model is currently developed to handle natural variant grouping

structures such as that illustrated by 18R martensites, where each HPV is also a CV.
In the later summary of the Multivariant model, this issue will be raised again and we
will mention how extension to structures such as the 2H and 3R can be made. It will
be important to bear in mind the striking di�erence between the di�erent martensitic
structures at the microscopic level.

2.2. Type I Twinning vs. Type II Twinning

Deformation twins can be classi®ed into three types according to the rationality of
K1, K2, �1 and �2 (Reed-Hill and Abbzachian, 1992):

1. Type I twin (a twin of the ®rst kind) when K1 is a rational plane and �2 is a
rational direction.

Fig. 2. (a) Geometry of �011�� plate group for 2H martensite. Solid line: twin boundaries and boundaries

between variants. Dashed line: basal planes. (b) Habit plane normals of the variants in (a) in a �011��
standard projection (after Saburi and Wayman, 1979).
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2. Type II twin (a twin of the second kind) when K2 is a rational plane and �1 is a
rational direction.

3. A compound twin when all four elements K1, K2, �1 and �2 are rational.

K1 and K2 are the ®rst and the second undistorted plane respectively. �1 is the
shear direction and �2 is the intersection of the plane of shear with the second
undistorted plane, i.e. K2.
During the implementation of the phenomenological crystallographic theories

(Wechsler et al., 1953; Bowles and Machenzie, 1954; Saburi et al., 1976), the twin-
ning plane has been assumed to originate from one of the {110}P planes in the
parent phase, and thus the twinning type is type I because of the rationality of this
{110}P type plane. While most of the known twinning types are type I (Wechsler et
al., 1953; Crocker, 1965), type II twinning is also always possible if type I twinning
can form (Bilby and Crocker, 1965) because they are reciprocal to each other.
Moreover, some type II twins have been found in many kinds of materials (Cahn,
1953; Knowles and Smith, 1981; Okamoto et al., 1986; Matsumoto et al., 1987).
In these SMAs mentioned above, some have a 2H long-period stacking order

structure, for instance, the �1 ! 
 01 CuAlNi martensitic transformation, in which
twinning plays a very important role as an invariant plane shear. Although most of
the crystallographic parameters calculated using type I twinning are close to those
calculated using type II, the results from type II are even closer to the experimental
results, especially resolving the inconsistency on the K1 plane normal relative to the
parent lattice.

Fig. 3. Crystallographic relations between the four martensitic habit plane variants in the �011���1 plate
group for 3R martensite (after Saburi and Wayman, 1979).

1350 X. Gao et al. / International Journal of Plasticity 16 (2000) 1345±1369



These observations urge further study of the transformation mechanism in other
alloys because the type of twinning imposes very important in¯uence on the crystal-
lographic parameters, which are critical for all micromechanical models of martensitic
transformation. It also may have some in¯uence on the geometry of the plate groups
in these SMAs and the conversion process.
Illustrating the importance of understanding and correctly capturing the crystal-

lographic details in a micromechanical model, note that a comparison of our model to
experimental data using type I and type II twinning produced greatly di�erent results.
When we used type II twinning, which is the prefered one by the material, the results
corresponded to the experimental results very well (see later section in this paper).

2.3. Invariant plane vs. non-invariant plane

So far, almost all theoretical models assumed the interface between austenite and
martensite is an invariant plane, i.e. habit plane. Upon this assumption, all kinds of
crystallographic theories of martensitic transformation yield the same habit plane
normals and the magnitude and direction of the invariant plane shear (IPS). How-
ever, recent experimental results on the deformation ®eld of single crystal Cu±13.7Ni±
4.18Al (wt.%) SMA by using MoireÂ interference technique (Sun et al., 1997; Sun et
al., 1999) identify two kinds of A±M interfaces with di�erent deformation features,
i.e. invariant plane (IP) and non-invariant plane (NIP). The experiment demon-
strates that the invariant plane assumption on the A±M interface agrees very well
with the MoireÂ measurement in the temperature range of shape memory e�ect but
does not hold in the case of superelasticity at high temperature.
The experiments clearly show a highly distorted strain ®eld around the interface

for superelasticity case, although the angle of the A±M interface is the same as that
predicted by the phenomenological theory. While no attempt is made in this paper
to address non-invariant plane martensitic deformation theory, we want to raise this
issue as a signi®cant concern for future work with this and other micromechanical
models for SMA behavior.

3. Model

In this section, we ®rst review the multivariant model as presented in our previous
work (Huang and Brinson, 1998), then extend the model to accommodate di�erent
inclusion shapes. The model is based on a combined thermodynamic and micro-
mechanics approach and yields a set of equations which are solved numerically for the
evolution of the martensite fraction of each variant. A key component in the devel-
opment and success of the model is the formation of groups of variants, which
represent the tendency of the martensite plates in the real material to form in self-
accommodated groups to minimize the energy.
The model was demonstrated with classical uniaxial loading and thermal loading

tests for both a simpli®ed (idealized) two-variant SMA and a 24-variant SMA with
crystallographic material parameters taken from the literature. Temperature induced
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transformations, shape memory e�ect, pseudoelasticity and ferroelasticity are all
accounted for properly by the model. In the two-variant case, perfectly and imper-
fectly self-accommodated variants were considered to illustrate several features of
the model. In addition to the uniaxial loading cases, a biaxial loading case was also
simulated and the results were compared qualitatively to experimental data from the lit-
erature. The results from the simulation are in good qualitative agreement with the data.

3.1. Summary of single crystal model

The multivariant model begins with the complementary free energy of the material

	��ij;T; f
n� � ÿ��Gch �Wmech �Wsur ÿ�ijEij� �1�

the rate of change of which is set equal to the rate of change of the dissipation energy

d	j�ij;T � dWd50 �2�

For the chemical free energy, �Gch, a standard expression is used, linearly propor-
tional to temperature change; the surface energy, Wsur, is small in comparison to
other terms and is neglected. The mechanical energy, Wmech, is approximated by a
micromechanics technique in which the formation of martensitic variants in a shape
memory alloy under loading is viewed as a superposition of the external loading
acting on a homogeneous material and a set of transforming inclusions. With this
approach it can be shown that the mechanical energy reduces to a stored elastic
energy term plus an interaction energy term, Eint,

Wmech � 1

2V

�
V

�ij"
e
ijdV �

1

2
�ijC

ÿ1
ijkl�kl ÿ 1

2V

�
V

�II
ij "
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ij dV|����������{z����������}

Eint

�3�

where �ij is the macroscopic applied stress, �ij, "ij are the local stress and strain
(superscripts e and tr on the strain represent elastic and transformation strains
respectively), and Cijkl is the modulus of the material. In order to use closed form
expression of Eshely Tensor in the subsequent Eshelby inclusion analysis (Mura,
1987), Cijkl will be taken to be isotropic and identical moduli for austenite and mar-
tensite are used.
To calculate the interaction energy, it was essential to recognize that the martensitic

variants tend to form in self-accommodated groups of compatible variants in order to
minimize the energy of their formation (see Figs. 1±4). Using this key concept, the
interaction energy is approximated as a sum over G groups of M self-accommodating
variants each

Eint � ÿ 1

2V

�
V

�II
ij "

tr
ij dV � ÿ

1
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XG
g�1

�ij

 �g

"�gij f
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where �ij

 �g

; "�gij; f
�g are the average stress in an inclusion of group g, average trans-

formation strain of group g and the volume fraction of group g. The transformation
strain of each variant, "nij (n=1,2, ...,G�M), is calculated from the basic crystallographic
information on the habit plane normal, n, invariant plane shear direction, m, and
magnitude of the invariant plane shear, g, for a given material [Eq. 10]. Eq. 4 can be
shown to reduce to

Eint � ÿ 1

2

XG
g�1
"�gij �̂

g
ij ÿ

XG
m�1

f�m�̂mij

 !
f�g �5�

where

�̂gij � Cijkl S
g
klmn"�

g
mn ÿ "�gkl

ÿ � �6�

and Sg
ijkl is the Eshelby tensor of group g.

The ®nal system of equations obtained from (2) can be written in vector form for
the evolution of volume fraction f as

Fdf
: � Fext � Fint � Fwall ÿ Ffric �7�

where each vector has N components representing each of the N=G�M variants.
The external driving force on the system for the nth variant is determined from the
applied stress and temperature

F n
ext � ÿB�Tÿ T0� ��ij"

n
ij �8�

where B is a linearized factor of di�erence in the chemical free energies per unit
volume of the two phases near the thermodynamic equilibrium temperature T0. The
interaction force is the gradient of the interaction energy

Fig. 4. Model represents variants growing in the matrix: each inclusion is a group of compatible variants

that grow together to minimize the energy of their formation. Here a self-accommodating group is depicted

with a diamond shape (Saburi and Wayman, 1979); it is noted that parallelogram (Murakami et al., 1994)

and triangular shapes (Miyazaki et al., 1989a,b) have also been proposed for various shape memory alloys.
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F n
int � ÿ

@Eint

@ f n
�9�

Fwall represents a boundary force applied on the system to keep the martensite frac-
tion within physical bounds (04 f n41), and it only appears for a variant when the
volume fraction of that variant is very close to 0 or 1. A combined elastic wall and
neutral zone model was employed in the calculation. Both width of elastic wall and
the neutral zone are taken to be 10ÿ5 (Huang, 1997). F n

fric is a constant FC if variant
n is actively transforming forward, and ÿFC when transforming backward. The
system of Eq. (7) can be solved numerically. Note that the formulation of the inter-
action energy imposes that an ``inclusion'' is a group of variants; at the same time,
however, the volume fractions for each individual variant are tracked so that a ®nal
product of a single variant is possible.
With the grouping structure as represented by Eqs. (4) and (5) the ®nal product

that forms can be either a single variant or a single group or variants from several
groups, depending on the thermomechanical forces applied to the system. Since
there is only one level to the grouping structure, the model is appropriately con®g-
ured for representation of 18R (or 9R) martensitic structures, where there are six
groups of four habit plane variants that form naturally under cooling and where
each HPV is also a CV so that the deformation products that form under load are
properly accounted for. Thus, in a CuZnAl (18R or 9R) SMA, since each habit plane
variant is a correspondence variant, our current model is appropriate. However, for
materials such as CuAlNi 
 01 (2H) or Ni±Al (3R), in which each habit plane variant is
composed of two correspondence variants, the model should be modi®ed. In par-
ticular, the modeling would require both the existing HPV grouping system and a
subgrouping structure for the CVs that comprise each HPV to enable deformation
products (a single CV as opposed to a single HPV) to be accurately achieved. In
addition, NiTi (B190), the most commonly used SMA, even has a more complicated
grouping structure as discussed later. The modi®cation to the grouping structure to
account for the di�erence between HPVs and CVs is currently being examined and will
be presented elsewhere.
Three di�erent materials are used in part 1 and they are CuZnAl, CuAlNi and NiTi.

The parameters for each are listed in Table 1a. The set of crystallographic data for
Cu75Zn17Al8 (wt.%) was determined by Saburi and Wayman (Chakravorty and Way-
man, 1979) and the lattice parameters of it weremeasured byChakravorty andWayman
et al., (1977). The set for a Cu±14.2Al±4.3Ni (wt.%) alloy were calculated by Okamoto
et al., 1974 and lattice parameters were measured by Otsuka and Shimizu (Otsuka and
Shimizu, 1974). Finally, the set of crystallographic data and lattice parameters for a Ni±
45.1Ti (wt.%) (Ni±50.2Ti at%) were both from Matusmoto et al., (1987). The crystal-
lographic parameters can be used to obtain the transformation strains by

"tr
ij �

1

2
g�nimj � njmi� �10�

The calculated transformation strains for Cu75Zn17Al8 (wt.%) is shown in Table 1b.
The grouping structure for this material is that four HPVs form a group clustering
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about one {110} type pole, and there are totally six such groups (Saburi and Way-
man, 1979; Saburi et al., 1980). Unless explicitly mentioned all the calculations in
part 1 are using the parameters in Table 1b.

3.2. Consideration of di�erent martensite plates geometry

In a previous paper (Huang and Brinson, 1998), the single crystalline SMA model
just described was demonstrated to exhibit the basic phenomenon of single crystal-
line SMA, such as the hysteresis loops of temperature induced transformation, and
pseudoelasticity and the shape memory e�ect. However, the predictions of critical
transformation stresses were higher than realistic. In this section we will investigate
the e�ect of penny shaped martensite plates on model predictions and see how the
transformation stress level can be reduced e�ectively.
The thin martensitic plates that appear in SMAs are better approximated by a

penny-like inclusion rather than the spherical inclusion used previously. As we move
away from convenient spherical symmetry the orientation of the inclusions must be
modeled appropriately. Here, we will use a penny shaped inclusion (a1=a2>>a3)
for the group of habit plane variants (Fig. 5) and the choice of the n3 axis is what
must be determined. During thermally induced martensitic transformation, two
strain accommodation steps occurred: (1) invariant plane strain due to the existence
of the habit plane which almost eliminates the distortion strains, leaving small shear
strains only; (2) self-accommodation by grouping together two or more favorable
HPVs, further reducing shear strains to almost zero. For all martensitic structures

Table 1(a)

Parameters of di�erent materials used in simulation

Materials (wt.%) n̂

m̂

(g)

m (Gpa)

na
B (MPaKÿ1)
FC (MPa)

used in

Cu75Zn17Al8 0.200, 0.705, 0.680

0.182, 0.641,ÿ0.746
0.19

40 0.3 0.7 3.5b Part 1 and 2

Cu±14.2Al±4.3Ni

(type I)

ÿ 0.2572, 0.6497, 0.7154

ÿ0.1773,ÿ0.7794, 0.6010
0.09589

35 0.3 0.11; 0.56c Part 1

Cu±14.2Al±4.3Ni

(type II)

0.2598, 0.7275, 0.6350

0.1299,ÿ0.7015, 0.7007
0.09320

35 0.3 0.11; 0.56c Part 1

Ni±45.1Ti -0.8889,-0.2152, 0.4044

0.4144,ÿ0.7633, 0.4981
0.13078

32 0.3 0.7 3.5b Part 1

Cu70Zn26Al4 ÿ0.1489 0.7223, 0.6754

ÿ0.1350, 0.6550,ÿ0.7434
0.19386

40 0.3 0.7 3.5b Part 2

a From Otsuka and Wayman (1998).
b From Patoor et al. (1994).
c Tailored from Shield (1995).
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except B190, four HPVs tend to cluster about a {110} type pole and form a self accom-
modating group, as shown in Fig. 1±4. From Figs. 1±3, we see that the normals to each
of the four habit plane in a given group are very close to the {110} pole direction about
which the four variants cluster: therefore the n3 direction will be taken as the appro-
priate {110} type pole direction for each of the self-accommodated groups in the
model. The direction of the symmetric axis is decided by angles � (rotation with
respect to axis x3) and � (rotation with respect to axis x2).
The comparison of the stress±strain curve of shape memory e�ect for both spherical

martensite plates and penny-shaped martensite plates is shown in Fig. 6. The critical
transformation stress is greatly reduced in the case of penny-shaped martensite

Table 1(b)

Transformation strains for Cu75Zn17Al8 (wt.%)

Group Variant "11 "22 �33 
23 
31 
12

1 1 0.007 0.086 ÿ0.096 ÿ0.017 ÿ0.005 0.049

2 0.007 ÿ0.096 0.086 ÿ0.017 0.049 ÿ0.005
3 0.007 0.086 ÿ0.096 ÿ0.017 0.005 ÿ0.049
4 0.007 ÿ0.096 0.086 ÿ0.017 ÿ0.049 0.005

Average 0.007 ÿ0.005 ÿ0.005 ÿ0.017 0.000 0.000

2 5 0.086 0.007 ÿ0.096 ÿ0.005 0.017 ÿ0.049
6 ÿ0.096 0.007 0.086 0.049 0.017 0.005

7 0.086 0.007 ÿ0.096 0.005 0.017 0.049

8 ÿ0.096 0.007 0.086 ÿ0.049 0.017 ÿ0.005
Average ÿ0.005 0.007 ÿ0.005 0.000 0.017 0.000

3 9 0.007 0.086 ÿ0.096 0.017 ÿ0.005 ÿ0.049
10 0.007 ÿ0.096 0.086 0.017 0.049 0.005

11 0.007 0.086 ÿ0.096 0.017 0.005 0.049

12 0.007 ÿ0.096 0.086 0.017 ÿ0.049 ÿ0.005
Average 0.007 ÿ0.005 ÿ0.005 0.017 0.000 0.000

4 13 ÿ0.096 0.007 0.086 0.049 ÿ0.017 ÿ0.005
14 0.086 0.007 ÿ0.096 ÿ0.005 ÿ0.017 0.049

15 ÿ0.096 0.007 0.086 ÿ0.049 ÿ0.017 0.005

16 0.086 0.007 ÿ0.096 0.005 ÿ0.017 ÿ0.049
Average ÿ0.005 0.007 ÿ0.005 0.000 ÿ0.017 0.000

5 17 0.086 ÿ0.096 0.007 ÿ0.005 ÿ0.049 0.017

18 ÿ0.096 0.086 0.007 0.049 0.005 0.017

19 0.086 ÿ0.096 0.007 0.005 0.049 0.017

20 ÿ0.096 0.086 0.007 ÿ0.049 ÿ0.005 0.017

Average ÿ0.005 ÿ0.005 0.007 0.000 0.000 0.017

6 21 ÿ0.096 0.086 0.007 0.049 ÿ0.005 ÿ0.017
22 0.086 ÿ0.096 0.007 ÿ0.005 0.049 ÿ0.017
23 ÿ0.096 0.086 0.007 ÿ0.049 0.005 ÿ0.017
24 0.086 ÿ0.096 0.007 0.005 ÿ0.049 ÿ0.017
Average ÿ0.005 ÿ0.005 0.007 0.000 0.000 ÿ0.017
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plates since the interaction energy with respect to a penny shape inclusion is much
lower than that for a spherical shape.

4. Results

In this section, we will explore the impact of speci®c crystallographic details on
the overall stress-strain response as predicted by the multivariant model. We will

Fig. 6. Comparison of the stress±strain curve of shape memory e�ect for spherical and penny-shaped

assumption of martensite plates. In these two cases, all factors are the same except the shape of martensite

plates is di�erent.

Fig. 5. The orientation of a penny-shaped martensite plate relative to austenite material axes x1, x2, and

x3. Normal, n3, is parallel to smallest dimension of penny (a1=a2>>a3).
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consider the orientation dependence of load, type I vs. type II twins, e�ect of loading
mode and the self-accommodated group structure.
Note that throughout this section, the model as described in the previous section is

used. This necessitates that the grouping structure used is one with a single grouping
hierarchy (G groups of V habit plane variants) and no additional sub-grouping struc-
ture for CVs is included. Thus, there is automatically an approximation involved for
the comparisons with results for NiTi and CuAlNi materials. Nevertheless, we believe
the current analysis provides useful qualitative information without the additional
level of complexity. Indeed, this type of simulation will indicate whether the sub-
grouping details impact overall response su�ciently to merit further study.

4.1. Orientation dependence and twin types

Uniaxial tension experiments were performed on three single crystal specimens of
Cu±13.95Al±3.93Ni (wt.%) by Shield (1995). Specimen T1 had a tensile axis of
[2.43 1 0]; T2 was oriented 15� from [1 1 1] direction and had a [1 1 1.73] tensile axis
direction; T3 had the [1 1 1] direction as its tensile axis. The Ms and As have same
value of 3.9�C and the experiment was performed at temperature 40�C. The results of
these experiments are shown in Fig. 7.
There are several notable features of these results. First, we see that the initial

moduli of all the specimens di�er, as do the transformation stresses. Specimen T1 has
the lowest initial modulus, T3 the largest one, and T2 an intermediate modulus. The
di�erence in the initial modulus is consistent with the behavior of a cubic crystal.
Compliance of a cubic crystal can be expressed as (Nye, 1985)

Fig. 7. The stress±strain curves for fully austenitic specimens A1±T1b, A1-T2b and A1±T3b at 40�C.
(Ms+As)/z is 3.9�C (after Shield, 1995).
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S � S11 ÿ 2�S11 ÿ S12 ÿ 1
2S44��l21l22 � l 22l

2
3 � l 23l

2
1� �11�

where S is the compliance in direction �l1 l2 l3�, S11;S12, and S44 are the corresponding
elements in the abbreviated matrix of the 4th order compliance tensor Sijkl. For a
CuAlNi shape memory alloy, since S11 ÿ S12 ÿ 1

2S44 is greater than zero (Hellwege
and Magdelung, 1984), the maximum compliance is in the <1 0 0> direction, i.e.
Smax=S11. Meanwhile, the minimum compliance is in the <1 1 1> direction, i.e.
Smin=S11 ÿ 2

3 �S11 ÿ S12 ÿ 1
2S44�. As a result of the inverse relationship between

the compliance and Young's modulus, the maximum Young's modulus is in the
<1 1 1> direction and minimum in the <1 0 0> direction. The trend for magni-
tude of the transformation stress is similar to the trend in the initial moduli (Shield,
1995). That is, the specimen T1 ( [2.43 1 0] direction) has the lowest transformation
stress and the specimen T3 ([1 1 1] direction) has the largest transformation stress.
In order to verify the applicablility of the single crystal model, we calculated three

tensile loading and unloading cases with exactly the same orientations as those
appeared in Shield's experiments. We use the habit plane normals calculated by
Okamoto et al. (1986) who used the lattice parameters in a Cu±14.2Al±4.3Ni (wt.%)
alloy measured by Otsuka and Shimizu (1974). In the simulation T0 is set to equal to
(Ms+As)/2, i.e. 3.9�C and T=40�C. Other parameters we used are listed in Table
1a. The result of our prediction is shown in Fig. 8.
It is observed that di�erent tension direction leads to di�erent transformation

stresses in our simulation which agrees with the experimental results shown in Fig. 7.
Moreover, the sequence of these transformation stresses is also similar to that found
in the experiment, that is, tension in [1 1 1] has the highest transformation stress, and
tension in [2.43 1 0] has the lowest one. Fig. 7 showed that the transformation
stresses have a maximum to minimum ratio of 4.9, and that predicted by our model

Fig. 8. Model predicted results for a Cu±14.2Al±4.3Ni (wt.%) alloy under di�erent uniaxial loading direc-

tions. The temperature is set to be �T=36K and type II twinning is used as the lattice invariant shear.

X. Gao et al. / International Journal of Plasticity 16 (2000) 1345±1369 1359



is 4.0. This shows that our model is consistent with the main trends of stress±strain
relationship in SMAs. In addition we also examined here the choice of a di�erent
twinning type in the model. We simulated the same set of experiments, using the
same material lattice parameters but with type I twinning (Fig. 9). It is seen that the
results are similar to those using type II twinning. However, the ratio of the maximum
transformation stress to the minimum for type I is 3.6, and none of three curves shows
pseudoelasticiy e�ect. In the case of type II twinning, T3 shows pseudoelasticity e�ect
and T2 shows some reverse transformation. Thus, the single crystal model appears to
be accurately capturing macroscopic di�erences due to microstructural twinning
type. Although these results are not conclusive due to the approximation in the
grouping, the results strongly indicates that crystallographic details are important to
the overall macroscale modeling, a fact also pointed out by Gall et al. (1998).
In spite of these encouraging results, the model predictions still have some dis-

crepancies with the experimental results. First, the magnitude of transformation
stress is still nearly double that of the experimental result. Furthermore, Shield
(1995) showed the Young's moduli at 40�C are 26.7, 72.0, and 158 GPa, respectively.
This leads to a maximum to minimum ratio of 5.9. In our simulation, the ratio is 1
because we assumed both austenite and martensite are isotropic and have the same
elastic constants.

4.2. Anisotropy e�ects

We believe the assumption of isotropy for the matrix phase in the single crystal
model is responsible for some signi®cant discrepancies in predictive results due to
the large anisotropy factor of austenite and martensite in SMAs. Since most single
crystals of shape memory alloys have a cubic structure (Funakubo, 1987) three

Fig. 9. Model predicted results for a Cu±14.2Al±4.3Ni (wt.%) alloy under di�erent uniaxial loading

directions. The temperature is set to be �T=36K and type I twinning is used as the lattice invariant shear.
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independent elastic constants, i.e. S11;S12, and S44 (or C11;C12, and C44) (Nye, 1985)
are usually needed to express the 4th order compliance or sti�ness tensor. For
example, a typical set of C11;C12, and C44 for a Cu±14Al±4.1Ni (wt.%) alloy quen-
ched in 0�C water (Hellwege and Magdelung, 1984) is 142.6, 127.4 and 97 GPa. The
anisotropy factor in the cubic system is de®ned as

A � C44=
1
2 �C11 ÿ C12� �12�

Thus, the anisotropy factor is 12.8 for this alloy. For an isotropic material, since
C44 � 1

2 �C11 ÿ C12�, the anisotropy factor is always 1. The corresponding set of
S11;S12, and S44 in the same previous alloy is 44.5,ÿ21.0 and 10.3 (TPa)ÿ1. Using
Eq. (11), we ®nd that Smax=S11= 44.5 (TPa)ÿ1, S[2.43 1 0]=29.55 �TPa�ÿ1 , S�1 1 1�=
Smin=4.27 (TPa)ÿ1. The ratio of Smax to Smin is 10.4 and that of S�2:43 1 0�=S�1 1 1� is 6.9.
The latter is also the theoretical ratio of Young's modulus along these two tension
directions which agrees well with the ratio of 5.9 in Shield's experiment.
From this discussion, it is apparent that the strong anisotropy of austenite should

be accounted for in modeling. Such a modi®cation would then properly re¯ect the
di�erent initial moduli and would impact the transformation stresses as is illustrated
by results in the next section. Since there is no closed form Eshelby Tensor for ani-
sotropic Eshelby inclusion problem, this modi®cation is not trivial and numerical
techniques are being considered. Given this major discrepancy between the current
model and the material the comparison between Figs. 7 and 8 is quite encouraging
and acceptable.
To follow up on our hypothesis that the anisotropy of the single crystal could play

an important role in the transformation stress levels, here we simulate the response

Fig. 10. Model predicted results for a Cu±14.2Al±4.3Ni (wt.%) alloy under di�erent uniaxial loading

directions. The temperature is set to be �T=36K, type II twinning is used as the lattice invariant shear

and the shear modulus is reduced by half.
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of the same material with type II twinning, but we reduce our isotropic austenitic
matrix shear modulus by a factor of 2. As can been seen in Fig. 10, all three
transformation stresses are lowered by 14, 25 and 25%, respectively, since in our
model higher moduli corresponds to higher interaction energy. It is also interesting
to note that in the polycrystal material simulation (described in Part 2), the same
reduction in m by 2 results in over a 26% decrease in macroscopic transformation
stress for uniaxial tension. Since there are many di�erently oriented grains in a
polycrystal specimen, many of them will be oriented with a lower modulus direction
parallel to the loading axis.

4.3. Stress state variations

In addition to the anisotropy exhibited by SMA materials, tension/compression
asymmetry has also been shown (Patoor et al., 1995; Shield, 1995; Gall et al., 1998).
Our model can capture this asymmetry since it is due to activation of di�erent var-
iants with di�erent loading modes. In Part 2 of this paper, we will be making com-
parison to experimental data for a polycrystalline material response to multiaxial
loading states. It is instructive to ®rst consider the response of the single crystal
material subjected to the same loading states. Fig. 11 shows the curves of e�ective
transformation stresses vs. e�ective transformation strains for Cu75Zn17Al8 (wt.%)
single crystal subjected to the ®rst six di�erent loading states (exact tabulation given
in Part 2 of this paper). The seventh loading state of pure hydrostatic compression is
not considered since pure hydrostatic stress showed no transformation. In Fig. 12, the
trend of e�ective transformation stress at 100% transformation vs. hydrostatic pressure
at 100% transformation is shown. The results show that the e�ective transformation
stress tends to decrease with increasing hydrostatic pressure. These model results are

Fig. 11. Model predicted e�ective stress±strain curves for a CuZnAl single crystal under di�erent uniaxial

and triaxial loading states (see Part 2 for description).
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consistent with the thermodynamically based continuum transformation criteria (Sun
and Hwang, 1991; Boyd and Lagoudas, 1996), i.e. increasing hydrostatic pressure
raises the e�ective stress at transformation for materials with positive volume
change and lowers it for materials with negative volume change. The irregularities in
the trend of Fig. 12 are likely due to the fact that the transformation of martensite is
a competition between hydrostatic pressure and microscopic characteristics of mar-
tensitic transformation. Gall et al. (1998) hypothesized that there were more variants
available which transform faster in certain cases. Further discussion on multiaxial
loading is given in Part 2 of this paper.

4.4. E�ect of grouping possibilities for NiTi

In previous sections, the self-accommodation groups for 18R (9R) and 2H SMAs
have been discussed. NiTi (B190) SMA, however, has a more complicated self-
accommodating grouping structure (Miyazaki et al., 1989a,b). The martensitic self-
accommodating groups in a Ti±Ni alloy exhibit a triangular morphology consisting
of three habit plane variants, while each habit plane variant is composed of two cor-
respondence variants as in Fig. 14. While only three HPVs appear at a time in a
particular plate, as before the variants can be divided into symmetric clusters of four
HPVs about pole directions: for a given cluster of four HPVs, there are four possible
sets of three that can appear in a physical plate structure. For the structures exam-
ined previously (3R, 2H, 18R) a given HPV could only appear in one given self-
accommodated grouping (we term this ``exclusive grouping''). For NiTi however, the
grouping structure is ``non-exclusive'' and complicates modeling. We have examined
here several modeling possibilities, with emphasis on arti®cial merging of observed
groups for simpli®cation.

Fig. 12. Model predicted e�ective stress at 100% transformation vs. hydrostatic pressure at 100% trans-

formation for a CuZnAl single crystal under di�erent uniaxial and triaxial loading states.
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The HPVs in NiTi do not cluster as tightly about pole directions as the earlier
structures, leading to a number of possible interpretations for appropriate plate
groupings. Miyazaki et al. (1989a,b) mention possible self-accommodation by
clustering habit plane variants about anyone of the {001}, {011} and {111} poles
relative to the parent phase. As shown in Fig. 13, there are two possibilities for pole
{111} in (c). One is that three habit plane variants form a self-accommodating group
designated by the solid triangle, the other is that all the six habit plane variants form
a self-accommodating group. For pole {011} in (b), the only possibility is all the four
habit plane variants together form one group. However, for pole {001} in (a) there
are three di�erent methods to form four variant groups, which are distinguished by
solid rectangle, light dashed rectangle and heavy dashed rectangle, and one method
to form a group consisting of all eight habit plane variants. Note that Fig. 13 shows
only one of the crystallographically equivalent groups in each case: for example, the
a1 grouping scheme is depicted as variants 60(+), 50(+), 6(ÿ), 5(ÿ); in addition to
these four HPVs, there are ®ve other crystallographically equivalent sets of four
HPVs forming six groups in total (for 24 HPVs). For a1, there are two sets of four
HPVs about each {001} type pole, where in Fig. 13a 60(ÿ), 50(ÿ), 6(+), 5(+) is the
equivalent group not highlighted for clarity.
In Table 2, we go through possible self-accommodating groups, mention whether

each is observed experimentally, explore the results predicted by the Multivariant
model using simpli®ed grouping morphology and discuss improvements needed in
the model in order to fully re¯ect this sophisticated self-accommodating structure.

Fig. 13. Schematic drawing showing how di�erent grouping methods are possible for NiTi SMAs: (a)

HPVs clustering about (001) pole, (b) HPVs clustering about (011) pole, and (c) HPVs clustering about

(111) polea (after Miyazaki et al., 1989a,b).
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We calculated the transformation stress under pure shear for most of the possible
self-accommodating groups. Here we use the habit plane normals with a type II
twinning mode calculated by Matsumoto et al. (1987) for a Ti-49.8Ni (at. %) SMA.
Other parameters we used are listed in Table 1a. As shown in Fig. 14b, for a real
three HPV self-accommodating group the three habit planes (three sides of the
triangle) are almost parallel to the paper since they cluster about one of {001} type
pole. Therefore, the dimension of this self-accommodating group vertical to the
paper is the smallest, and this direction is chosen as the n3 direction for the model
calculations. For the simulations using groups of four or eight HPVs, the n3 direc-
tion remains the same since all the self-accommodating groups being merged cluster
about the same pole.
Note that for a1 and a2 we do not sub-divide each of the six groups into the four

possible sets of three HPVs to represent the experimentally observed triangular mor-
phology shown in Fig. 14. a1 and a2 as they occur in the material are non-exclusive
groupings and can in fact appear simultaneously: we choose here to approximate with
a much simpler arti®cial merging as exclusive groupings (see Table 2) and only allow
one grouping scheme at a time to appear. In addition, in each case the simulation
considers the habit plane variants as the smallest sub-unit, not accounting for the
®nely twinned CVs which make up each HPV. The transformation stress values
obtained are high, but the relative ordering indicates that some grouping structure is
needed and that arti®cial merging may be a useful modeling simpli®cation tool for
NiTi. While the clustering of four habit plane variants about a {011} pole, grouping
b, is the only suitable accommodation for most other long-period stacking order
structures, for example 18R (9R) and 2H, it is not observed experimentally for NiTi
(Miyazaki et al., 1989a,b). The {111} pole groupings and a3 for the {001} pole
are also not seen experimentally (Miyazaki et al., 1989a,b). Other papers in the

Fig. 14. (a) Schematic drawing of triangular martensite morphology, and (b) sub-micro model depicting

crystallographic relations between variants in the triangular morphology (after Miyazaki et al., 1989a,b).

Normal, n3, is out of paper.
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literature have referred to these groupings however: the b grouping can be found in
(Gall et al., 1999) and a3 in (Lu and Weng, 1998), although in both papers the
groupings were not explicitly used in the model approximations. It is clear from the
tabulation that the calculated transformation stresses from the multivariant model
are too high. For the cases such as a3 where the product is not seen experimentally,
the high predictions are not a great concern. For the a1 and a2 cases which are
observed, the high stress predictions indicate that the model should be modi®ed to
more appropriately account for the complex morphology of NiTi. Possible solutions
include allowing the proper representation of four possible sets of three HPVs
in each group, and/or including the subgrouping on CVs. The complication of
triangular morphology seems to be speci®c to NiTi, while the subdivision of HPVs
into the ®nely twinned CVs is also key for 2H and 3R materials.

5. Conclusion

In this paper, we have extended the multivariant model for SMA response pre-
diction to consider more realistic penny-shaped inclusions and we discuss the impact
of several microscale features on macroscopic response predictions. The results here
con®rm that some details of the crystallography have signi®cant in¯uence on macro-
scale response and need to be captured by models. The following are the major results
in this paper:

. Inclusion shape in the micromechanics model is important: penny-shaped
inclusions reduced transformation stresses by a factor of 2.

. Grouping structure can greatly in¯uence material response predictions: here we
examined di�erent choices for self-accommodated groups for a particular NiTi
material and showed dramatic di�erences in transformation stresses. This
result indicates a proper way to fully represent the self-accommodating struc-
ture (e.g. using 48 groups instead of arti®cial merging) as well as the distinction
between HPV's and CVs should be examined in more detail in future work as
they may play key roles in more accurate predictions.

. Since the multivariant model can capture activation of di�erent variants, the
e�ect of di�erent loading modes (e.g. tension vs. compression) and e�ect of
material orientation relative to loading axis are captured by the model.

. One major contributor to orientation dependence of material response is aniso-
tropy of the crystal lattice. It is shown here that the level of anisotropy exhibited
by SMAs requires future modeling changes to incorporate this feature.

. Twinning type is shown to signi®cantly a�ect the material response and thus is
important in initial calculation of parameters for use with any micromechanics
model.

While the results here indicate that the Multivariant model is still maturing, the
trends are promising and the ®ndings point to two key areas for future model re®ne-
ments. First, the anisotropy of the austenite single crystal needs to be accounted for:
this change would impact not only initial slopes of stress-strain response, but also
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magnitude of transformation stress, orientation dependence, and would have great
impact on polycrystalline response. Secondly, the di�erent results seen for several
self-accommodated grouping structures for NiTi indicate that the more complicated
sub-grouping structure inherent in 2H, 3R and B190 shape memory materials should be
further examined and included in the model. In addition, the results here have broader
implications as to important considerations for other types of micromechanics SMA
models as well as phenomenological models.
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